We present a loop-representation to compare two similar anti-ferromagnets: the Rys F-model and the realistic square ice. In the F-model, we argue, below the Néel temperature loops are topologically trivial and the system undergoes the usual Z2 symmetry breaking for the staggered order parameter. Above transition, loops become non-trivial while a symmetry breaking chooses loop parity. Further, magnetization is an homotopy invariant of the loops, leading to zero susceptibility below a critical field. In spin ices, instead, monopoles erase this rich topological structure.
In 1967 Lieb solved [1] the Rys F-model [2] demonstrating an antiferromagnetic transition of rather unusual features: it is of infinite order, which should imply [3] topological properties; there is an order parameter, also infinitely smooth [4] , though topological transitions are not driven by symmetry breaking; finally, a critical field is needed to elicit magnetization below T c . The topological implications of this result were not clear at the time.
Here, we propose a representation via loops which carry the relevant observables (energy, magnetization, parity, and Z 2 symmetry breaking) to investigate where topology might lurk and how it breaks down in spin ice systems [5] [6] [7] [8] [9] [10] [11] .
Remarkably, the F-model is the only exactly solvable model with an infinite order transition. It approximates the low-energy physics of artificial square ice [5-7, 12, 13] as well as monolayer spin ice [10, 11] . These realistic systems, however lack its topological properties [8, 9, [14] [15] [16] : their transitions are innocuously second order [17] [18] [19] [20] ; their susceptibility is not zero at small fields. One wonders whether the very features that make classical topological models interesting also make them unrealistic. Specifically, in spin ice systems topological protection pertains only to their zero-temperature ice manifold [21] while their exotic behaviors proceed instead from how such protection is broken [22, 23] , and how much of it is retained [24] [25] [26] .
A six-vertex model [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] is a set of binary spins placed on the edges of a square lattice such that only the six ice-rule obeying configurations (two spins pointing in, two pointing out [37] ) are allowed (Fig. 1) . The Rys Fmodel is a particular case whose energies 0 = I < II are assigned to the two different types of vertices, Type-I and Type-II, as in Fig. 1(a) . The energy of a spin configuration is then H = II N II where N II is the number of Type-II vertices. The model is invariant under the Z 2 time reversal symmetry, parity symmetry A ↔ B (where the lattice decomposes to alternating A, B interlaced sublattices), and discretized translations. Its two ground states are a tessellation of Type-Is, have opposite staggered [4] order parameter ψ = ±1, and thus break the Z 2 symmetry: a continuous transition is expected, yet we know from exact solutions that it is infinitely continuous and correlations are algebraic for T > T c = II / ln 2. At infinite temperature the system approaches the twodimensional ice model (also solved by Lieb [38] ) which mimics the degeneracy of water ice [39] . The model thus realizes long range order below T c and classical topological order [40, 41] above T c .
Consider L x × L y vertices on a torus (L x , L y even). A Type-II vertex can be represented by an arrow connecting the centers of the plaquettes whose spins impinge antiferromagnetically in the vertex, thus describing the magnetization of the vertex, M x = ±1, M y = ±1. The following four propositions can be verified directly:
(i) Any spin configuration can be mapped into nonintersecting, directed loops: a square plaquette can support 0, 2, or 4 Type-IIs on its vertices. If 2, they can always be connected unambiguously. If 4, which we call a pinch, they can be joined in two directed lines in two ways. For a configuration with P pinches, there are 2 P loop-representations ( Fig. 1b-d ).
(ii) Loops have a defined parity: with the usual alternating A/B assignment of plaquette parity, a loop will only cross A or B plaquettes.
(iii) A and B loops (red and blue in Fig. 1 ) do not cross.
(iv) If two portions of loops can be continuously deformed into each other without crossing other loops, they have the same (resp. opposite) direction if and only if they have opposite (resp. same) parity.
We say that a configuration is topologically non-trivial if it has at least one representation in terms of non-trivial loops of the torus (and then their number must be even).
The spins-loops correspondence is bijective. Any set of directed loops drawn on the square lattice such that (i)-(iv) hold true corresponds to an acceptable spin configuration for the six-vertex model. Loops control energy but also antiferromagnetic orientation and magnetization, thus realizing a loop gas. While only (and all) loops carry local magnetization, only topologically nontrivial loops carry net magnetization. The magnetization of a non-trivial loop γ that wraps around the x is
regardless of the length or shape of the loop: it is thus an homotopy invariant. Finally, loops are domain walls for antiferrromagnetic domains with opposite sign of ψ.
We can now partition the phase space P into topological sectors of empty mutual intersection. We call T the sector of all topologically trivial configurations, and W its complementary. From Eq. (1), only configurations in W can have magnetization and we can further partition it accordingly. We call a trivial (resp. nontrivial) elementary update of a spin configuration the flip of a trivial (resp. non-trivial) loop of spins that are all head to toe. Because of homotopy invariance, trivial updates do not alter magnetization. Consider n x pairs of alternating A and B non-trivial loops in the direction x ( Fig. 2) , with 0 < n x ≤ L y /2. From (iv), their magnatization have the same verse. Call M ±nx0 the set of all topologically trivial updates of such configurations. From Eq. (1), each configuration in M nx0 carries magnetization M y = 0, M x = 2n x L x and magnetization density m y = 0, m x = 2n x /L y . The same holds for the sector M 0ny and for M nxny , as the reader can verify via pairs of parallel helices.
Crucially, the union (which we call M) of these magnetic sectors does not exhaust W. Call W 0 the set of non-trivial configurations that have zero net magnetization. We can partition W 0 into: W AxBx (resp. W AyBy ), the sets of all configurations representable via non-trivial loops of type A and B in the x (resp. y) direction; and W AxAy (resp. W BxBy ) the sets of all configurations representable via non-trivial loops of parity A (resp. B) wrapping in both x and y directions ( Fig. 2 bottom) . Proposition (iii) forbids other sectors.
We can introduce topological order parameters, w A and w B , for each parity. Consider a configuration C and its various loop-representations R = {γ}. We define
as the density of winding number of A loops of the configuration C, and
For a generic sector D ⊂ P, Z D (T ) is the partition function restricted to D, and P D = Z D /Z is the probability of finding the system in a configuration of the sector D. Any observable is limited to the sector when obtained from F D = −T ln Z D . If, when taking the thermodynamic limit, P D → 1 − (and thus F → F D ), we say that the system is asymptotically confined to sector D. In this language, a phase transition corresponds to the system "switching" between different subsets of the phase space.
Consider f (m, T ), the density of free energy limited to the sector M mLy/2,0 . Then H x = ∂ m f (m, T ) is the magnetic field. f (m) must be concave and even in m, thus has minimum at m = 0. Thus, in absence of a field, the system is asymptotically confined to T ∪ W 0 .
The thermal average of ψ is zero in W. To demonstrate, consider e.g. M 1,0 . Its lowest energy state is degenerate, corresponding to one A and one B non-trivial loops each of length L x , variously assigned, subdividing the torus in two domains of opposite ψ. Averaging ψ over all those configurations then returns zero. The same argument can be replicated for any sector in W. Intuitively, the symmetry breaking is driven by the contraction of the domain wall loops as temperature is lowered. But because only loops in T are all contractible, only T can exhibit long range order. We conjecture that antiferromagnetic ordering in the absence of a field corresponds to a transition between the topological sectors T and W 0 . Indeed, the lowest energy non-trivial loop winding around the x axis has length L x and degeneracy Lx Lx/2 ∼ 2 Lx , for large L x , and thus a free energy
which goes to −∞ (+∞) in the thermodynamic limit for T > T c (T < T c ) with T c = II / ln 2, crucially the Néel temperature from Lieb's exact solution.
As in the heuristic argument of Kosterlitz and Thouless, Eq. (3) implies that above T c the system is asymptotically confined to the topologically non-trivial sector W 0 , and to the trivial T below T c . Low T configurations correspond to an antiferromagnetic background decorated by loops (domain walls, Fig. 1b ). As T increases, loops grow and coalesce forming at T c a topologically non-trivial network (Fig. 1c) , in a classical analogue to the string-net condensation [42] .
There is more. We have seen that T hosts a Z 2 symmetry breaking in the sign of ψ. But a topological symmetry breaking also exists in W, between the topological sectors W AxAy and W BxBy corresponding to the breaking of the A ↔ B parity symmetry in the topologically non-trivial loops and thus in the sign of w − . Thus, at T > T c we have w + > 0 and w − = ±w + . We suspect that w + , w − reach zero infinitely continuously as T → T + c just like ψ [4] does for T → T − c , thought we cannot predict it within our framework. We note that while T and W 0 are topologically distinct, the loop condensation between T and W 0 proceeds via trivial updates whereas sectors in M differ by non-trivial updates, perhaps explaining the discontinuity in ψ at that transition.
Indeed, we also have transitions under field between demagnetized T and magnetized M, and there ψ is discontinuous except at T = T c . Consider the case of horizontal magnetization. At T = 0, the free energy is f (m) = II m and the curve of magnetization is a step function (m = 0 for H < II and m = 1 for H > II ). The sector W Ly/2,0 of m = 1 corresponds to configurations of the same energy where all the horizontal spins are pointing to the right, whereas half of the vertical rows point up and half down, leading to a degeneracy Ly Ly/2 whose logarithm is sub-extensive in the thermodynamic limit. Thus f (±1, T ) = II at any temperature.
For m 0, at 0 < T < T c entropy favors configurations in which horizontal non-trivial loops of alternating parity are maximally spaced at a distance 1/|m|, arbitrarily large. The free energy can thus be approximated by a term of the trivial bulk plus a non-trivial contribution from the loops, or from Eq.
The weak singularity in m = 0 implies a critical field |H c (T )| = II − T ln 2 (5) below which the system is asymptotically confined to T and there is no magnetization. When T > T c there are topologically non-trivial loops even at m = 0 and thus no singularity. These non-contractible loops can be biased by the field to be of the proper alternation of parity, leading to non-zero susceptibility as H → 0 + . Fig. 3 summarizes our results. The top panel shows the phase diagram and sketches of f (m) at different temperatures, from which curves for m and ψ can be obtained qualitatively. When 0 < H < H c (T ), 0 ≤ T < T c the system is asymptotically confined to T and the magnetic field has no effect on the free energy. Thus ψ drops discontinuously to zero across the critical line (red) as the system switches to the sectors in M and magnetization develops. The entire line H = 0, T ≥ T c corresponds to the system being confined to W 0 and is critical (with algebraic correlations [27] ).
When H is fixed and 0 < H < II , the magnetic moment is non-monotonic in temperature ( Fig. 3 ) because as T increases and crosses the critical line, magnetization ensues, yet for large T it must tend to zero. We call T m = T m (H) the temperature at which the maximum of m is achieved. We show in SI that T m → 0 when Fig. 3 . Configurations in T 0 always have w + = w − = 0. Configurations in W 0 always have w + > 0, while w − can be zero, e.g. in W AxBx . It is always |w − | = w + (resp w − = −w + ) in W AxAy (resp. W BxBy ). For a configuration with density of magnetization m, we have w + ≥ m. Instead w − can be zero, and is indeed zero at minimal energy where non-trivial loops perfectly alternate parity. Configurations of higher energy can have w − > 0 when loops point in the direction opposite to the magnetization, breaking the parity alternation (and thus w + > m). We conjecture that such loops are possible only when their free energy (inclusive of a Zeeman term) is negative, or II + |H| − T ln 2 < 0, leading to a new line T w (H) = ( II +|H|)/ ln 2, for the appearance of the winding order parameter w − . In Fig. 3 we have sketched possible curves for w − (red dashed line).
Any realistic kinetics must involve topologically-trivial updates only, at least in the thermodynamic limit. But sectors in M differ by non-trivial updates, assuring ergodicity breaking [43] : the system will persist in a magnetized state. This is unphysical, and indeed does not happen in real systems such as spin ices [5, 7, 44] , which instead evolve via individual spin flips, leading to ice-rule violations, or monopoles.
At nearest neighbors, these systems are then described by the sixteen-vertex model [17] which contains all the possible vertices. Figure 4 shows Types III and IV ice rule violating vertices of energies II < III < IV , endowed with a topological charge (±2, ±4) defined as the difference of spins pointing in and out. This energy hierarchy describes the most common magnetic realizations [5, 6, 8, 9, [18] [19] [20] 45] and also particlebased ices [14] [15] [16] 46 ] via a proper mapping at equilibrium [47, 48] , though even different hierarchies can be obtained through various clever methods [49] [50] [51] [52] . Figure 4 shows that monopoles too can be represented by directed segments which can be joined to generate a picture of domain wall loops. However, now Type-III monopoles allow for the mixing of A and B lines and thus there is no longer parity distinction for the loops. Also they allow for the reversal of magnetization along a loop and magnetization is no longer an homotopy invariant for non-contractible loops. Type-IV monopoles further allow for crossing of A and B lines.
The previous partition of the phase space in topological sectors breaks down. And indeed the antiferromagnetic transition in square ice is known to be of second order, as the system can be mapped into a frustrated J 1 -J 2 Ising model [17] . Also, by allowing for more entropy to destroy the ordered state monopoles lower the critical temperature, or T c < II / ln 2.
In the new loop-representation, domain walls can contain an even number of ±2 monopoles, whose charge alternates in sign along the wall. Because the magnetization flips verse at the monopoles, a trivial loop can carry net magnetization. An external field can align the magnetization of a trivial loop by reallocating its monopoles, and thus the system is magnetically susceptible even in the antiferromagnetic phase. There will still be a critical field H c (T ) for the disappearance of ψ (and clearly H c (0) = II , H c (T c ) = 0) but the system can be magnetized for H < H c (T ) via the paramagnetism of the loops (Fig. 5 ), proportional to the density of Type-II. Thus magnetization must scale as m ∼ H exp(− II /T )/T .
As H increases, the Zeeman energy lowers the energy cost of the two Type-IIs whose moment is aligned along the field, proliferating the loops that eventually merge. In particular, at H = II the ground state is degenerate, and m is still a step function in H at T = 0. At H c the loops condense on a network where monopoles have high mobility, corresponding to a maximum in the magnetic susceptibility, as in Fig. 5 .
Finally, the kinetics of real spin ice loses the topological ergodicity breaking of the Rys F-model precisely because any kinetics is monopole kinetics: a single spin flip corresponds to either creation-annihilation of a monopole pair or to its motion. In turn, this relates to the nucleation of loops and also their growth or contraction, as it will be shown in a future work on the kinetics of square ice.
In conclusion we have introduced a loop-domain-wall picture for the Rys F-model that allows for a partition of the phase space into topological sections, shedding light on the nature of its transitions. We have seen that in spin ice materials this representation survives, but its topological features break down because of topological monopoles. We suggest that within this picture it would be interesting to investigate scaling limits in which the transition in spin ice tends to the topological. Furthermore, our picture of topological non-trivial loops can be employed in finite-size realizations of artificial spin ice on a cylinder, which are now possible [53] , or in attacking problems of the six-vertex model with fixed boundary conditions [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
